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ACT

The two-machine flow—shop problem is considered in which each job
les available for processing at its release date after which it must
ocessed without interruption on the first machine and then on the
d machine. The objective is to minimize the maximum completion time.
heuristics are presented which each have a worst—case performance
of 2. One of these is modified to give an improved worst-case perform-

ratio of 5/3,

'ORDS AND PHRASES: two-machine flow-shop, release dates, maximum

completion time, heuristics, worst—case performance
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TRODUCTION

The problem may be stated as follows., Each of n jobs (numbered 1,...,n)

be processed without interruption firstly on machine A and then on

ne B. Job i (i = 1,...,n) becomes available for processing at its non-

ive release date r, and requires a positive processing time of a; and

. machines A and B respectively. At any time the machine can handle only

ob and each job can be processed on only one machine. The objective is

hedule the jobs so that the maximum completion time Cnax is minimized.
well-known [1,8] that it is unnecessary to consider schedules in

. the processing orders on the two machines are not identical,

An equivalent problem exists [8] in which job i (i = 1,...,n) has a

release date and has a non-positive due date di' After the jobs are

nced, the completion time Ci and the lateness Li = Ci--di of job 1

l,...,n) can be computed, The objective is to sequence the jobs so that

aximum lateness is minimized. However, the original problem of minimiz-
< when jobs have arbitrary release dates will be considered hence-

When all release dates are equal, the problem can be solved in

og n) steps by the algorithm of JOHNSON [5] in which those jobs with

bi-are~sequenced first in non-decreasing order of a; followed by

emaining jobs (with a, > bi) sequenced in non-increasing order of bi'

rbitrary release dates, LENSTRA et al. [6] have shown that the problem

-hard which indicates that the existence of a polynomial bounded

ithm to solve the problem is unlikely. Apart from the branch and bound

ithm proposed by GRABOWSKI [4] , the problem has received little atten-—

from researcﬁers.

In this paper, we propose some heuristic methods to sequence the jobs.

se that C;ax denotes the minimum value of the maximum completion time
Cmax denotes the maximum completion time when the jobs are sequenced

. o e H *
a certain heuristic H. If, whatever the problem data, CmaX < pCm ¥+-6

a
pecified constants p and §, where p is as small as possible, then
called the worst-case performance ratio of H. A survey and discussion
e worst-case analysis of heuristics are given by FISHER [2] and

et al, [3]1.




In Section 2 four heursitics are given, one of which is shown to have
st—case performance ratio of 3 while the other three are each shown

7e a worst—case performance ratio of 2, Section 3 shows how the

-ed application of one of these heuristics to a constrained version of
riginal problem leads to an improved worst-case performance ratio of

fhis is followed by some concluding remarks in Section 4.
A\LYSIS OF HEURISTICS

The four heursitics to be analyzed in this section are described now.
lrst is heuristic ARB in which the jobs are sequenced arbitrarily after
Cgii is evaluated in O(n) steps. The second is heuristic R in which
)bs are sequenced in non-decreasing order of release dates in

g n) steps and the third is heuristic J in which the jobs are se-

:d according to Johnson's rule (ignoring release dates) in O(n log n)

, If heuristic R is adopted, there will be no unforced idle time on

1e A, The fourth heuristic RJ is a variant of R which attempts to take
:age of J while retaining the absence of unforced idle time on

1e A: whenever there is a choice of jobs for the first unfilled

.on in the sequence which preserves this absence of unforced idle time,
3 chosen which would be sequenced first amongst these jobs according

mson's rule. A formal statement of this heuristic, which requires

)g n) steps, is given below.

stic RJ

.« Let S be the set of all jobs, let k = 0 and find T = mianS{rj}.
.« Find the set S' = {j|jeS, erT, ajsbj} and the set S" =

s erT, aj>bj}. If S' # @, find a job i in S' with a, as small as
vle; if S' = @, find a job i in S" with b, as large as possible.

}o Set k = k+1, sequence job i in position k, set T = T+ai and set
- {i},

-« If S = @, then stop. Otherwise set T = max{T, minjes{rj}} and go

p 2,

If any heuristic H generates a sequence (0(1),...,0(n)), the corres-

\g maximum completion time can be written as




H n

v
Cpax = Toqu) * iZu (i) * iZ Po(i)

me u,v € {l,...,n}, where u < v and where u is chosen as small as
yle.

Some lower bounding schemes for C;ax’ which are needed in the sub
1t analysis, are introduced. In general, each job 1 has a set of
2essors which are jobs that are known to be sequenced before job i
optimum sequence and a set of successors which are jobs that are
to be sequenced after job i in an optimum sequence. For any subse
>s, the machine-based bound for machine A (or machine B) is the su
>llowing:

che minimum release date of jobs in S which have no predecessors;
che total processing time on machine A (or machine B) of the jobs
1y subset S of jobs, the job-based bound centered about any job j
the sum ot the following:

the minimum release date of jobs in S which have no predecessors;
the total processing time on machine A of all predecessors of job
the total processing time on machine A of all jobs i in S - {j} w
a, < bi which are neither predecessors nor successors of job j;
the total processing time of job j;

the total processing time on machine B of all successsors of job
the total processing time on machine B of all jobs i in S - {j} w
a; > bi which are neither predecessors nor sucessors of job j.
We now proceed with the derivation of the worst-case performance

ur four heuristics.

EM 1. cORBsc* <3, cR et <2, ¢ st <2 and &yt <
—— max max max max max max max max

hese bounds are the best possible.

. We assume in each case that the sequence generated is (o(1),...,
he maximum completion time is given by (1).

* .
Clearly, Cmax is greater than any release date, so

*

Cmax > rc(u)'




achine-based bound for machine A and jobs in {o(u),...,0(v)} yield

1e machine-based bound for machine B and jobs in {0(Vv),...,0(n)} y

. n
C > ) b_ ...
max . o(i)
i=v
auristic ARB, by adding (2), (3) and (4) we obtain 3c” > CARB a
- ’ ’ max max

red,
Under heuristic R and RJ the minimum release date of jobs {o(u),.
)} is ro(u)' Applying the machine-based bound for machine A to thi
ields

v

*
> + °
Cmax rc(u) iZu aG(i)

z (4) and (5) yields 2" > CR and 2¢° > CRJ as required.
ma max

x " “max max
Lastly, under heuristic J the jobs in {o(u),...,0(n)} are sequenc
ling to Johnson's rule, Their maximum completion time, ignoring

se dates, provides the lower bound

n
*

v
C..> ) a ..+ ) b ..
max .2 o(i) iy o(1i)
. * J .
z (2) and (6) we obFaln ZCmax > CmaX as required,
To complete the proof, we present an example to show that the bou
zorem | are the best possible, ‘
Consider the 3<job problem specified by the date in Table 1, wher
k—<K.

Table 1, Data for the first example

i 1 2 3
ri k 0 K-3k
i 2k K-6k k
5 K-6k k 2k




Clearly, (1,2,3) is an optimum sequence with C;ax = K. If the job
aquenced arbitrarily in the order (3,2,1), we have Ciiz = 3K-12k.
fore CARB/C* = 3 - 12k/K which can be arbitrarily close to 3. If

max max
r heuristic R or heuristic RJ is applies, the sequence (2,1,3) res

R = ¢® = or - 8k, Therefore, c& /¢ = ¢ /c¥ =2 - 8k/x
max max max max max —max

can be arbitrarily close to 2. Finally, heuristic J generates the
J Jc* =2 - 5k/K which ¢

ace (3,1,2) with €0 = 2K - 5k. Thus C°__/C
max max max

be arbitrarily close to 2. [J

Henceforth, we shall examine heuristic RJ in more detail and sugg
hod of improving it. We start by presenting two special identifiab
in which the maximum deviation from the optimum is less than 507.

e, it is assumed that Cmax is given by (1).

EM 2., If ac(i)Rj bc(i) for i = u,eee,v or Lf ac(i) > bo(i) for
yeeesn, then C /C:lax < 3/2. In each case, this bound is the best

max
ble,

. The machine-based bounds for jobs in {o(u),...,0(n)} on machines

are respectively

¢t >r + E a
max o(u) iy o(i)

n
*
C _>r + ) b\
max o(u) ity o(1)

acting (8) from (1) we obtain

RJ * v v-1
< 1 oaggy T iz L

i=u =u

< 1 = 1
(i) < bc(i) for i = uyee.,v, it follows from (9) that
RJ * *
- < 1 1
Cmax Cmax < a5wv) 2(acr(v) * bo(v)) = 2Cmax
RJ

/C* < 3/2 for this first case.

implies that C
max' max




Subtracting (7) from (1) we obtain

RJ N n n
Cmax - Cmax < .Z bc(i) - 2 aU(i).
i=v i=v+1
S . . .
4y 2 bo(i) for i = Vseeesn, then (10) implies that
RJ * *
- < 1 1
Cmax Cmax < bo(v) - 2(acv(v) + bc(v)) < Ecmax'
. RJ *
‘ore C ~ /C < 3/2 for the second case also.

max —max
To complete the proof, we present examples to show that in each case

yund of 3/2 is the best possible.
Consider the 3-job problem specified by the data in Table 2, where

. < K.

Table 2. Data for the second example

i 1 2 3
r. | k 0 0
1
;| 2k 1IK-k  iK-k
; IR-k K-k ik

Clearly (1,2,3) is an optimum sequence with C;ax = K. When heuristic

applied, the sequence o = (2,1,3) is generated with CRJ =

+ a1 + bc(l) + bc(2) + bcﬁg) = iK/Z - 5k/2. Thus wemizve u=v=1
10(1) < bo(l)' Furthermore, Cmax/ Cmax = 3/2 - 5k/(2K) which can be
‘arily close to 3/2.

Consider now another 3-job problem with r, = 0 and r, = 3k/2 and

the other data are given in Table 2., We have that (1,2,3) is again
:imum sequence with C;ax = K. When heuristic RJ is applied, the

ice 0 = (1,3,2) is generated with Ciix = ro(l) + ac(]) + 35(2) + ao(3) +
3K/2 - 5k/2. Thus we have v = n = 3 with a6(3) 2 b0(3). Furthermore,

‘max = 3/2 - 5k/(2K) which can be arbitrarily close to 3/2. []

*

When the conditions of Theorem 2 are satisfied heuristic RJ has a

‘actory worst-case performance. When the conditions are not satisfied,




hod by which RJ can be imporved is proposed in the next section.
E IMPROVED HEURISTIC
Before proceeding, some notation is introduced. Let

s. = {o(i)]i

m

{uyeee,vl, 35 (4) < bo(i)}’

S, = {o(i)|i € {uyeee,vl, 3,

m

a51) ~ Po(i)

8y = {o(i)|i € {v,ee.,nl, 35(i) < bo(i)}’

8, = {o(1)]|1i € {vyeee,nl, 254 > bo(i)}’
can write

C

+

R _

max ro(u) 'XS uS ay * 'ZS US b;-
1€5,U9, 1eo4U9,
i {oc(v)} (i =1,2,3,4).

The improved heuristic RJ' which, at each iteration, applies heuristic

wm

so define Si =

d increases one release date is described now. The first step is to

1 SZ’ 83 and Sh' If s, = # or if

#, then computation is terminated. Otherwise we find a changeover job

heuristic RJ and find the sets S

with o(t) € 52 and with t chosen as large as possible and constrain
be sequenced after at least one job in S3 in each subsequent applica-
of heuristic RJ. This constraint is implemented by setting Toe) T
S3{ri + piz. This process is repeated until S2 or S3 is empty at
stage Cﬁgx is chosen to be the maximum completion time of the best

ule generated. A formal statement of the heuristic is given below.

stic RJ'

1
1, Let j = 1 and let CRJ = o,
- max

2. Apply heuristic RJ to obtain a sequence o. with maximum completion
- 1 t

C (0c.). If C (0.) < CRJ , then set CRJ =C (c.).
max = j max  j max max max . J

3.Find 8, and S3e If 8, = @ or if S3 = @, then stop having found a

1
mce with maximum completion time Ciix' Otherwise find the changeover
'j(t), set rcj(t) = mlnieS3{ri+pi}’ set j = j+1 and go to Step 2.




Since there are in general 0(n) jobs i with a, < bi and 0(n) jobs i

a, > bi’ it may be necessary to impose O(nz) constraints before

nteeing that 82 or S3 is empty. Each time a constraint is added

stic RJ, which requires O(n log n) steps, is applied. Thus, heuristic

‘equires O(n3 log n) steps. However, it is expected that for most

ems the heuristic will terminate in less than O(nz) iterations.

tation can be reduced by using the observation that those jobs sequenc-

. the first t—-1 positions of cj before the changeover job oj(t) are also
nced, in the same order, in the first t-1 positions of Gj+1'
We now prove that heuristic RJ' has a worst-case performance ratio
3.

2L 3. CIRni:(/ C:lax

ble.

< 5/3 and, for arbitrary n, this bound is the best

« Suppose that, after each increase in release date, the minimum value
e maximum completion time for that currect problem is equal to C;ax'

at termination when'S2 or S3 is empty, Theorem 2 is applied yielding
C;ax < 3/2.

Alternatively, at some iteration, increasing a release date yields
rent problem for which the minimum value of the maximum completion time
ds C;ax' Suppose that the first such increase in release date is
ed from the sequence 0. Suppose also that the maximum completion time
for the sequence o is given by (11) and that o(t) is the changeover
Any sequence in which job o(t) is forced to be sequenced after at least
ob in S3 has a maximum completion which exceeds C;ax' Therefore, in any

um sequence, o(t) is sequenced before all jobs in S.. We prove that

C;ax < 5/3 by using this requirement, ’
Some lower bounds on C;ax which are used throughout the proof are
first. The machine-based bound for the jobs in {oc(u),...,0(n)} on

ne A is

*
c

nax ” To(a) * Y a, + ) a.,

ieSIUS

implies that




+ . + .
igs usS ! 'Zs' !
1°°2 1€5,

ive our next lower bound, we observe that the time at which the pro-

*
>
Cmax ro(u)

g of job o(t) commences is less than the release date of all jobs in
it were not, heuristic RJ would sequence a job in S3 in preference

). Assume that in an optimum sequence some job o(w) is sequenced first

t jobs in 53. Then the job-based bound centred about job o(w) for the

n S3 1s

*
Coax ~ o) * .1 2 T 2e) * Ay L by
1652 1€S3

The case that job o(v) is the changeover job and the case that it is

‘e considered separately,

* 35 00) > bc(v)(lmplymg o(v) € S, and o(v) € s4).
In this case, job o(v) is the changeover job, i.e. t = v. The job-

bound centered about job o(v) for the jobs in {o(u),e..,0(n)} is

*
> r + ) a,+a + b + b,
max o(u) . i o(v) o(v) Ly , 1
1€S1 1eSZUS3US4
the job of 83 are known to be successors of job o(v) in an optimum
ice. If Sé = @, then (14) implies that R oo . If Sé # 0, we

max max
e (1/2) ((12+ (13) + (14)) to obtain

c

3 * 3

7'Cmax g f'ro(u) * 'ZS S a * 'ZS US bi
ies us, ieS,us,

b

ieSé

= + . - .
2 (ac(w) i bo(v))
' . 3 . > . .
.f S2 contains a job o(s) with bo(s) = bo(v)’ then (15) implies that
‘max < 3/2. Alternatively, if Sé contains no such job, then we may
: that in the sequence ¢ job o(s), with bc(s) < bc(v)’ is sequenced
mongst jobs in Sé. The time at which the processing of job o(s)
ices is less than the release date of job o(v) due to the construction

)y heuristic RJ. Thus, the job-based bound centred about o(v) for the




jobs in S3U {oc(v)} 1is

. *
16) Cmax g Lo (u) * .Z ' 3 35 (s) * a5 (v) * bc(v) * .2
1682 1eS3

iince the jobs of S3 are known to be successors of job o(v) in an optimum

bi’

lequence,
Firstly, suppose that in an optimum sequence job o(s) is sequenced
vefore job o(v). Then the job—based bound centred about job o(v) for the

obs in S, USy;u S, U {o(s)} is

3

b

. *
17) C > ) a; +a i

r + +a +b + )
max o (u) ieSl o(s) o(v) o(v) i€S3USL

omputing (3) ((12) + (16) + (17)) yields

3 * 3 1
7 Cnax ” 2 To) T .z a * .z bi ¥ 7 %% (v)’
1€S,uS ieS.,uS
1772 3774
thich implies that CRJ /C* < 3/2.
max —max

Secondly, suppose that in an'optimum sequence job o(s) is sequenced

ifter job o(v) but before any job in S,. Recalling that r

3 o(v) g ro(u) *
qest 3 T 2g(s)? the job-based bound centred about job o(s) for the jobs

n S3 u {o(s),o(v)} is

b..

'18) C ) a; +ta oyt bc(s) + iZ :

max > ro(u) *
L4 1
1652 633

liomputing (1/2) ((12) + (14) + (18)) yields

3 % 3
7 Chax 7 Lo (u) * 'ZS uS a; * 'XS US b;
1€ 1 2 1€ 3 4
1
+g( L Byt byt Ay T boy)s
1632
RJ

*
max/Cmax < 3/2 because ao(v) > bo(v)'

Thirdly and lastly, suppose that in an optimum sequence job o(s) is

hich implies that C

equenced after at least one job of S_. The machine-based bound for the

3
obs in SSU{O(S)} on machine A is




*
9 Chax ~ To(uw) ¥ L L4t Looagtag.
1652 1€S3

Computing (1/5)(2 x (12) + (13) + 3 x (14) + (16) + (19

Z ai + z bi +
ieS]US2 ieS3US4
+3 ) b.+ ) a, +a
ies! ' ies L
2 3

§.C >.§.r
5 “max = 5 o(u)

—

)»

3'(ao(v) - bo(v) o (w)

1ich implies that CJR /C*
max’' max

11s completes the proof of Case 1.

< 8/5 because ac(v) > bo(v)'

< . .
ise 2. A vy S bo(v) (implying o(v) € S1 and o(v) € 53)

In this case, for the sequence o, the changeover job o(
1enced before job o(v). Recall that o(w) is sequenced first
1 S3 in an optimum sequence.

Firstly suppose that ac(w) 2 ao(v)' The job-based bound
>b o(w) for the jobs in S, uS3uUS, U {o(t)} is

*
20) cC.._>r + ) a,+a + a +
max o(u) jegt 1 o(t) o(w) ieS.US

1 3774
ince job o(t) is sequenced before job o(w). Computing (1/2)(
(20)) yields

3 3

E'C Z a;, + z bi + a

max > 7'rc(u) *
1eSIUS2 1eS3US4

o(w

. . . * *
1ich implies that C /C
max = max

Secondly and lastly, suppose that ac(w) < ao(v)' The jo

< 3/2 because ao(w) > ao(v)'

eantred about job o(v) for jobs in S1 u S4 is
*
21) Coax ” To(w) * L. %t by * L By
1eS1 1eS4

he machine-based bound for jobs in S3 u S4 on machine B is

22) c* >r + b..
max o(u) . i
1eS3US4




e time at which the processing of job o(v) commences is less than rc(w):
it were not, then heuristic RJ would sequence job o(w) in preferance to

b o(v). Thus, the machine-based bound for jobs in S3 on machine B is

*
3) C >r + ) a,+ ) b,
max o(u) jestus. 1 ; i

1Y, ieS
mputing (1/3) ((12) + (21) + (22) + 2 x (23)) yields

5 % 5
§'Cmax g §'ro(u) * 'ES uS a * 'ZS uS bi
165199, 1e53U3,
+-% () a, +hb W " o ))
ieSi i o(v v
RJ

*
. . . . o
ich implies that Cmax/Cmax < 5/3 since bo(v) 2 asiv)
To complete the proof, we present an example to show that, for arbi-
ary n, the bound of 5/3 is the best possible. Consider the n-job problem
> 5) specified by the data in Table 3, where 0 < n2 € < k and where

= K/(3n-8).

Table 3. Data for the third example

i 1 n-3 n-2 n-1 n
S -;-(K+2k+3e) %K 0
I e F(R-k-6e) - (K—k-3¢)
) e Lo 1ok
i k-e . . . k-£ 3 (K-k-6¢) 3(K k-3¢) €

Clearly, (1,...,n) is an optimum sequence with C;ax = K. The first
3 applications of heuristic RJ produce sequences (n,i,n-1,n-2,1,...,i-1,
1,...,073) for i=1,...,n0-3, each with Cou = 5(k-k)/3 = (n*2)e. Job i
r ,* Py = 1/ (3(R+2k+6¢)). Applica-

on n-2 of heuristic RJ produces the sequence (n,n-1,n-2,1,...,n-3) with
J

the changeover job and we set r. =

< = (5K-4k)/3 - (n+2)e. At this stage there is no changeover job and the
L
gorithm terminates with CRJ /C* = 5/3 - 5k/(3K) - (n+2)¢e/K which can be
max max

bitrarily close to 5/3 = 5k/(3K) or 5/3 - 5/(3(3n-8)). This in turn canbe

bitrarily close to 5/3 when n is arbitrary. O
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It is, perhaps, rather surprising that for arbitrary n the bound of
/3 is the best possible, since it might be expected that one of the other
equences generated by heuristic RJ' would give a lower value of the
aximum completion time than the value Ciix which is used in the proof of
heorem 3. However, the example demonstrates that this is not the case.
If n is fixed, there is a difference between the upper bound of 5/3
RJ *

or C /C and its lower bound of 5/3 - 5/(3(3n-8)). Further research is
max’ max

equired to resolve this difference.
. CONCLUDING REMARKS

We have constructed a heuristic method of sequencing the job produc-
ng a maximum completion time which lies within two thirds of the value of
he optimum. As is usual for most heuristics, the average performance is
ikely to be considerably better than the worst-case performance.

The method of repeatedly applying a simple heuristic to an increasing-
.y constrained version of the original problem was also used in [7] for a
iingle machine sequencing problem with release dates. It seems likely that
;imple heuristics for other scheduling problems can be improved using this

:echnique.
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